Problem 2 (parts b,c,d). Let Ay, Ag,--- C S be events. Define By := A
and for 7 > 1,

(b)

(c)

Show that the B; are pairwise disjoint.

Proof. Fix i < k. By definition,
k—1 ¢
Boc (J4y) ca
j=1

since A; C Uf;ll Aj when ¢ <k — 1. Also B; C A;. Therefore
BiNBy CANA =2.
Hence B; N B = @ for all ¢ # k, so the B; are pairwise disjoint. O
o0 o0
Show that | | 4; = | ] Bi.
i=1 i=1

Proof. First, for each i we have B; C A;, so
o0 oo
UsiclJAa.
=1 =1

For the reverse inclusion, take any = € (J;2; A;. Let m be the small-
est index such that z € A,,. Then x ¢ A; for all j < m, so x €
(U;n:_ll A;)°. Since also z € A,,, we have

B;.

o

xeAmﬁ<TjAOc:Bm£
j=1

i=1

Thus |J;2, Ai € U;2, Bi, completing the proof. O

Alternate proof of (¢) via induction. We prove by induction on n that
n
0 -

i=1 %

C=

B; for all n > 1.
i=1



(d)

Base case (n = 1). Since B; = Aj, we have Uz'1:1 A; = A = B =
Uzlzl B;.

Inductive step. Assume for some n > 1 that (J ; A; = U Bi- We
show the statement holds for n + 1.

First note that By,+1 C Apy1, SO

n+1 n+1

UB - (UB)UBnHC (UA)UAnH UlAm

where we used the inductive hypothesis in the middle inclusion.

For the reverse inclusion, take = € UnJrl A;. If x € Ui, Ai, then by
the inductive hypothesis = € |J_; B; C U?:ll B;. Otherwise, x € Ay 41
and z ¢ U, 4;. Equivalently, z € (!, A;)°, hence

n+1

2 € A1 N (OA) — Bun < | B
i=1 i=1

Thus U A; € UM B,

Combining the two inclusions yields UZL+11 A = U?jll B;, completing
the inductive step. Therefore | J;" | 4; = U B; for all n.

Finally, taking unions over n gives

© n o n
-JUa=0Us--
n=1i=1 n=1i=1 7

as desired. O

B;,
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Use the previous parts to show that IP’( U Ai> < Z]P’(AZ
i=1 j

Proof. By part (c),
A(U) -H(Un)

By part (b), the events B; are pairwise disjoint, so by countable addi-

tivity,
o0 o0
IP( U Bi) -y P(B
i=1 =1



Finally, since B; C A; for each i, monotonicity gives P(B;) < P(4;),

hence
> P(B) <> P(A).
1 =1

1=

Combining the displays yields

B( fj 4) < i P(4,),
=1 =1

as desired. 0



