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2.3 Scalar summaries

Theorem 2.7. (Bivariate LOTUS)

Elg(X, ¥)] = / / g V) fxy (6, ) dxdy 2.24)

marginal moments

E[g(X)] = / g0 fy(x) dx 225)

[o0]

conditional moments

[o0]

E[g(Y)| X = x] = / )y x| %) dy (2.26)

Recall that if X and Y are independent, we have fy y(x,y) = fx(x)fy(y). This means that if
we multiply any two functions g,(X) and g,(Y"), the expectation of their product is the product of
their expectations. Indeed, using (2.24) with the function g(x, y) = g,(x)g,(») gives

Elg,(X)g,(Y)] = / / 81(X)g (M) fxy(x, y)dxdy

_ / / 18,0 F () f () dxdy

= / gz(y)fy(y){ / gl(X)fx(x)dx}dy

= / (W fyWE[g,(X)]dy = E[g,(Y)]E[g,(X)].

[o0]

2.4 Linear combinations of random variables

We’ve studied joint distributions for pairs of random variables X and Y, but there’s nothing spe-

cial about two. What about joint distributions for » random variables X, X,, X5, ..., X,? We
won’t study these in full generality, and instead will focus on the special case where X, ..., X, are
independent.
Definition 2.11. We say the random variables X, ..., X, are independent if for any functions
gy, ---» 8, such that the below quantities are finite, we have
Elg,(X)g,(X,) ... g,(X,)] = Elg,(X)]E[g,(X,)] ... E[g,(X,)]. 2.27)

A few remarks on this definition:

e Consider the case n = 2, and call the two random variables X and Y. The above defi-
nition states that X and Y are independent if for every g,, g,, we have E[g,(X)g,(Y)] =
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El[g,(X)]E[g,(Y)]. Butbefore, we defined independence of two random variables as the state-
ment that their joint pdf/pmf is the product of the marginals and concluded that E[g,(X)g,(Y)] =
Elg,(X)]E[g,(Y)] using bivariate LOTUS. This is not a contradiction: one can show that

fxy») =0 = Elg(X)g()] = Elg(X)]E[g,(Y)] for all g, g,.

e For n > 2, we have an analogous equivalence between (2.27) and the statement that the joint
pdf/pmf of the n random variables factorizes as the product of the n marginals. However, we
will not go into detail about joint pdfs/pmfs of n > 2 random variables.

Next, we consider an even more specialized case.

Definition 2.12. A collection of random variables X, X,, X5, ..., X, are independent and
identically distributed (iid) if they are independent, and if their marginal distributions are all
identical. We denote this "

X, Xy, s X, ~ P, (2.28)
where P is generic notation for the identical marginal distribution that each X, follows. In-
stead of P, we might sometimes use F, f, or M if context makes clear that the distribution is

represented by a particular cdf, pdf, mgf, etc.

Remark 2.1. “Identically distributed” does not mean “identical.” Each X, is arandomly determined
quantity that will have its own distinct value, but the probability rules governing what that value
will be are identical.

Given an iid collection of random variables X, we are interested in the behavior of their linear
combination, which is itself a new random variable:

n

T,=) cX,

i=1

In particular, we will focus on the behavior of the simple sum and the average of iid random vari-
ables:

i=1
_ 1y 1
X":Z;X':ZS"'

Understanding the behavior of these two random quantities will be very important when we start
studying statistics.

] ) iid ) ) )
So, in what follows we will assume X,, X,, ..., X, ~ P and introduce the following generic
notation:
o u=E[X|]

e ¢% = var(X,);
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o M(t) = E[e'X].

Because the X are iid, these objects are the same for each X, so y, 02, and M denote the common
mean, variance, and mgf that they all share. We are implicitly assuming that these objects exist to
begin with, but recall that this is not a forgone conclusion. The Cauchy distribution, for instance,
has none of these objects, but it remains a perfectly coherent and useful distribution. Anyway, given
this setup, we want to know the properties of .S, and X,. In particular...

What are the means of .S, and X,?

What are the variances of .S, and X, ?

What are the full distributions of S, and X ,?

What happens to .S, and X, when n — co0?

We’ll cover the first three questions in this lecture, and the fourth question in the next lecture.

2.4.1 What’s the mean of the sum and the average?

Theorem 2.8 (Linearity of Expectation). Suppose...

e X,,X,,...,X, are possibly dependent random variables with finite means: E[|X,|] < oo for
alli=1,...,n;
® a,,a,,...,a, € R are constants;

e X, could have any type, any distribution, any dependence.

Then ) )
E [Z a,.Xi] =) aE[X,].
i=1 i=1

Fartial proof. Consider the n = 2 case with jointly absolutely continuous (X,Y) ~ f,, where
fxy 1s the joint pdf, and X, Y could be dependent. For any a, b € R, we want to show that E[aX +
bY] = aE[ X ]+bE[Y]. Recall multivariable LOTUS: E[g(X,Y)] = f_O; /_0:0 g0, y) fyy(x,y)dxdy.
We apply this to the linear transformation g(x, y) = ax + by:
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8

0]

E[aX + bY]

(ax +by) fxy(x,y)dxdy

88

\88\

88

/ [ax fyy(x,¥) + by fyy(x, )| dxdy

/ / ax fyy(x, y)dxdy+/ / by fyy(x,y)dxdy
/ / ax fyy(x, y)dydx+/ / by fxy(x,y)dxdy
=a/ x/ fXY(x,y)a’ydx+b/ y/ Sxy(x,y)dxdy

:a/ fo(x)dx+b/ yfy(»ndy

[oo] -0

88

=alk[X]+ bE[Y].

This covers the n = 2 case. The general case follows by induction. 0

Corollaries.

i=1 i=1 i=1

E[S,)=E [Z Xi] = Z E[X]= Y u=

FLX,1 = E[LS,| = ~EL5,1 =

iid . )
So, when X, X,, ..., X, ~ P with common mean u = E[X,], then no matter what P is, we

know . .
[E[ZX,.] = nu, [E[lzx,.] =
i=1 h i=1

2.4.2 What’s the variance?

Theorem 2.9. If a,b € R constant and X, Y are independent random variables, then
var(aX + bY) = a* var(X) + b? var(Y).

Proof. Shifting X and Y by any constant values won’t change the variance of aX + bY, X, or Y.
This means that to prove the theorem, it suffices to prove it in the case that E[X] = E[Y] = 0. In
this case, we know E[aX + bY] = 0 as well, by linearity of expectation. Then var(aX + bY) =
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E[(aX + bY)?], var(X) = E[X?], and var(Y) = E[Y?].
var(aX +bY) = E| (X + bY)’|
= E[@’X? + b°Y? + 2abX Y]
= ’E[X?] + D’E[Y?] + 2abE[XY]
= a* var(X) + b* var(Y) + 2abE[ X |E[Y]
= a® var(X) + b* var(Y).
To get the second-to-last line, we used independence of X and Y, and the fact that var(X) = E[X?]

and var(Y) = E[Y?] (recalling E[X] = E[Y] = 0). To get the last line, we again used that the first
moments of X and Y are zero. L]

Corollary 2.10. If X, X,, ..., X, independent, then by induction,

Var<i ain.) = i ai2 var(X,).

i=1 i=1
We now use the corollary to compute the variance of the sum and average of »n iid random
variables X, ..., X,. Recall that var(X,) = 62, so

n n

var(§,) = var<zn: X,) = Z var(X;) = Z o? = no?,
i=1

i=1 i=1

and

2 2

var(sS,) = iz net =2,
n n

var(X,) = Var<1Sn> = (%)

n

This is true for any P, as long as the X, are independent and the variance is actually finite!

2.4.3 What is the entire distribution of S, or X,?

For the mean and the variance of .S, and X, we got generic results that applied no matter what the
underlying P was. We won’t quite be able to do that for this third question. We’ll just work some
examples. The following will be our main tool:

Recall: If X ~ M, (mgf), a,b € R constant, and ¥ = aX + b, then
M, (1) = " M, (at).
Theorem 2.11. If X ~ M, and Y ~ M, are independent and a, b € R are constant, then
M 5oy () = M y(at) M, (bt).

Proof.

M,y (@) = E[e"@X+V)] = E[e@X+01Y ] = E[eX b ]
= E[e“*]E[¢""] (by independence)
= M (at) M, (bt).

Return to table of contents 90



CHAPTER 2. JOINT DISTRIBUTIONS John Zito, Anya Katsevich

Corollary 2.12. Let X, X,, ..., X, be independent and a,, a,, ... , a, be constants. Then by induc-
tion,

My x (1) = My (a;1) My (ay1) -+ My (a,1).
Finally, we suppose X, ..., X, are not only independent but also identically distributed, with

X, X5, ..., X, ~M (common mgf shared by each X;). Then Corollary 2.12 gives

Mg () =[] M@ = M@y
i=1

1

My ()= Mg (1) = M&(ﬁ) = M<L)n

n

Based on these, we can determine the distribution of the sum and the average in special cases.

Example 2.8 (Poisson). X, X,,..., X, Y Poisson(A), M (t) = eX¢~D:

Mg ()= M@)" = [4“V]" = "D = 5, ~ Poisson(n).

Example 2.9 (Gamma). X, X,, ..., X, ~ Gamma(a, f), M(t) = (%) :

_ . Lan_ me
mow=maor=|(;5)] = (%) -

Mz o=mapr=|(; L) | = (22)

S, ~ Gamma(na, f), X, ~ Gamma(na, np).

So

ii o2
Example 2.10 (Normal). X, X,,..., X, < Nu,06?), M@ = Mt T

MS (I) = M(t)" = [eut+5212/2]n — enm+n62t2/2’
o2 ()] o2 2
MX,,(t) = M(t/n)" = leM;+7<Z> l = Mt T

So
S ~ N(nu, nc?), X, ~ J\f(u, dz/n) .
Example 2.11 (Bernoulli). Suppose X, X,, ..., X, " Bern(p). The mgf is given by
M@) =E[e*]=0-pel+pel=1-p +pe.

So
Mg (t)=M@)" = [(1-p)+pe]".
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Let’s show that this is precisely the mgf of a Binom(n, p). So let Y ~ Binom(n, p). Then

My () = E[e"] = Z e <n>p"(1 -p*

k=0 k
n
= (e'p)(1 —py*
(1)

= [(1-p)+pe]" (binomial theorem: (x + y)" = Z <Z>x""‘yk)
k=0

We conclude that
S, ~ Binom(n, p).

That’s our first actual proof that the sum of iid Bernoullis is binomial.

2.5 Summary

. iid . .
Start with X, X,, ..., X, ~ P with common mean and variance y = E[X,] and 62 =
var(X)).

Define new random variables:

Snzzn:X,., x =Lls
i=1

e Means:
ELS,] = nu, E[X,] = u.
e Variances:
var(S,) = no?, var(X,) = ¢*/n.
e Distribution:

P = Poisson(4) = S, ~ Poisson(n4)
P = Bernoulli(p) = S, ~ Binom(n, p)
P = Gamma(a, f) = S, ~ Gamma(na, f), X, ~ Gamma(na, nf})
P=Nu,c?) = S, ~Nnu,ne*), X,~Nu,c*/n)
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