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2.1 Random Variables

e Each observation X we will collect is a random variable.
e The random sample X = (X1,...,X,,) is a vector of independent random variables

e Each statistic T'(X), e.g. T(X) = > i ; X;, is a function of random variables so it is a random
variable.

Let X be a random variable describing a phenomenon of interest. The realizations x of X are real
numbers. i.e., z € R.

Definition 1. The distribution function of a random variable x is a function F'x such that
Fx(x)=P(X <z), forallzeR
It is also called the cumulative distribution function (cdf).
Example 1. The Exponential distribution with parameter A\ > 0 has cdf
Fy(x) = {O’ ey (2.1)
1—e ™, x>0

We can write the cdf more compactly using indicator function notation. We write indicators in the
following two equivalent ways:

0, z¢ A

Lizeay = La(z) = {1 zeA

Then the cdf in (2.1) can be expressed compactly as
FX(:Z:) == (1 - 67)\'%> 1{3320}
o If F'x(z) is a continuous function then we say that X is a continuous random variable.

o If Fx(z) is a step function then we say that X is discrete.
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2.1.1 Continuous Random Variables

e The probability density function (pdf) of a continuous random variable X is defined as

fx(.’L‘) = %Fx(x), VreR

e Knowing the pdf is equivalent to knowing the distribution:
T b
[ i ad PXelab)= [ fe@)ds

e Basic properties of a pdf:

e The Normal distribution with mean p and variance o2, denoted N (i1, 0%) has density

2

See here for more on the normal.

e The Gamma distribution with shape « and rate 8, denoted Gamma(a, #) has density

fx(z) = R T

I'(a)
where o > 0, f > 0, and I'(«) is the Gamma function:

oF(l) 1, T(0) =
MNz+1) = x()foralla:E]R
MNa)=(x-1)!=1-2-3---(x—1) forallz e N

See here for more on the gamma distribution.

e The uniform distribution on interval (a,b) is denoted by Unif(a,b) and has pdf

1

fx(@) = = Lize(an)

See here for more on the uniform distribution.

e The Beta distribution with parameters o and § is denoted by Beta(a, #) and has pdf

fx(z) = Imwlu — )" M o)

If @ = B =1 then the Beta(1, 1) distribution has pdf

fx (@) = Lize)

which is Unif(0,1). See here for more on the beta distribution.


https://anyakatsevich.github.io/sta332-f26/distributions/continuous-normal.html
https://anyakatsevich.github.io/sta332-f26/distributions/continuous-gamma.html
https://anyakatsevich.github.io/sta332-f26/distributions/continuous-uniform.html
https://anyakatsevich.github.io/sta332-f26/distributions/continuous-beta.html
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Example 2. Let « = 1. Let us compute the distribution function of X ~ Gamma(l,3).

definition, Fx(z) = P(X < ).

If x <0 then
P(X <z)= /: fx(y)dy = /; ,Beiﬁyll{yzo} dy = /io B0dy = 0.
If x > 0 then
POX<a) = [ pxdy= [ e a0 dy
/ Be PV dy = —e ’ =1—e P
Thus

Fx(x) = (1 - €6$> Liz>0)

and so Gamma(1, ) is the exponential distribution with rate parameter 3.

2.1.2 Discrete Random Variables

e The probability mass function (pmf) of a discrete random variable X is

fx(x)=P(X =2), z=0,1,2,...

e Knowing the pmf is equivalent to knowing the distribution:

= fo(y), and P(X € [a,b]) Z fx(z

y<z x:x€[a,b]

e Basic properties of a pmf
fx(x)>0 and fo(x) =
=0

e The Bernoulli distribution with parameter p denoted by Ber(p) has pmf

Fele) = {p,

1—p, z=0

e The Binomial distribution with parameters n and p denoted by Bin(n,p) has pmf

n

peo) = (M) e =0

x
See here for more on the binomial.
e The Poisson distribution with parameter A denoted by Poisson(A) has pmf

Axe—A

z!

fx(z)= , r=0,1,2,...

See here for more on the Poisson.


https://anyakatsevich.github.io/sta332-f26/distributions/discrete-binomial.html
https://anyakatsevich.github.io/sta332-f26/distributions/discrete-poisson.html
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2.1.3 Moments and Expectation

e The mean of a random variable X is

/ xfx(z)dzr, continuous case
E[X] =1 o
Z zfx(zx), discrete case

=0
It is also called the expected value or first moment

e The k-th moment of X is given by

o

/ 2* fx(x)dz, continuous case
—0o0

E[x*] ={

Z 2F fx (x), discrete case

=0

e Let g be any function. The expected value of g(X) is given by

o
/ g9(z)fx(x)dx, continuous case

(e 9]

Elg(X)] =4 o
Z g(x) fx(z), discrete case
x=0

Example 3. Let X ~ Gamma(q, 3). The expected value is

E[X] :/_:xf(x)dz::/Oooxr‘ﬁ(;xa_le_ﬁmdx

= e PPdr = —— % P? dx.
/0 [(a) L(a) Jo

To solve this integral, we recognize that e~ is the kernel of the density of a Gamma distribution
with parameters a + 1 and 3, i.e.,

o0 o0
/ 2% P dy = / plotD)=1g=Fz g
0 0

a+1 [e%s}
_ B Mla+1) / et 1Bz g
D(a+1) pott
1

gt Jo T(a+1) Batl

=1

Thus,

_p* T(a+1) T(a+1) 1 «
BN =t e T T BB

See here for more on the “massage and squint” approach of recognizing a kernel.



https://anyakatsevich.github.io/sta332-f26/math/massage-and-squint.html
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Example 4. X ~ Poisson()). The expectation is

e £E—>\

E[X] = mex Zaz

=0

For x = 0 the summand is zero. Thus, we can start the summation from 1, and do the following
steps:

AeA

> > me—)\
E[X]:Zx o _E:I(j?—l)' using z/(z!) = 1/(z — 1)!

=A Z ?e. pull out one power of A

Ne A
:)\Z ¢ reindex: y =z — 1

This is another example of “massage and squint”!

2.2 Multivariate Random Variables

e The random sample X = (Xi,...,X,,) is a vector of random variables, so we need to work
with more than one variable at the same time.

e We focus below on several continuous random variables, but the same ideas extend to the
discrete setting by replacing the density function with the mass function.

2.2.1 Pairs of random variables

For a pair of random variables (X,Y’) the joint distribution is characterized by the joint density
function

fxy(z,y)

such that

b1
P(X € [a1,b1], Y € [a, ba]) = / oy y) dy de

P(X <a,Y <D) = / / Ixy(z,y)dydx
The distributions of X and Y (called the marginal distributions) can be found as
o= [ tvend wd s = [ fored (22

Let us explain why fx(z) has to be as in (2.2). On the the one hand,

F(z) = P(X <2) = P(X <2,Y < +00) = / (/+oo Fev () dy) do

—00 —0o0
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On the other hand, we also know that
FX(m):P(XSm):/ fx(x)dx
—00

So matching the integrands recovers the formula: fx(x) = fj;o fxy(z,y)dy. The same reasoning
applies for fy (y).

Example 5. Consider the joint density

6zy?, 0<z<landO<y<1
fla,y) =

0, else

What is the marginal distributions of X and Y'?

For 0 <z <1,
+o0 1 1 g
fx(x) = f(a?,y)dyzf 6xy2dy=6x/ y2dy=6x§ =2
—00 0 0
Thus fx(7) = 201 {0cper)-
For 0 <y <1,
+oo 1 1 2201
fy(y) =/ f(w,y)de/ 6xy2dx=6y2/ wdw:ﬁyz; 0=3y2
—00 0 0

Thus fy (y) = 3y*Lio<y<1}-

e Often we observe one of the variables (e..g, Y = y) and want to the distribution of X
conditional on Y = y. We define the conditional density function as

 fxy(x,y)
fX|Y(33 | y) = 7fy(y)

e The conditional expectation becomes

+o0o
EIX Y =y = / ey (@ | y) de

—0o0

Note that this is a function of y.
Example 6. Consider the joint density
flz,y) = eiy]l{0<x<y<+oo}
Let us compute E[Y | X = z].

First we find the marginal distribution of X. For z > 0,

+o00 400 +00 Too
fX(f) = / f($7 y) dy = / eiy:ﬂ-{xgy}dy = / e Y dy = e Y = 7

—00 0 T T
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We recognize that X has an exponential distribution with parameter 1. Thus,

fla,y) e -z
frix(y|z) = (@) o Ha<yy =€ A VR
The conditional expectation is then
+o0 +oo
BY | X =a)= [ “ufxl|ody= [y ay

+o0 +oo +o0
—/ (z—HU)ezdz—/ zezdz—i—x/ e fdz=1+zx
0 0 0

where the third equality follows from the substitution z = y — .

Definition 2. Random variables X and Y are independent if and only if
fxy(y) = fx (@) fy(y)

2.2.2 More than two random variables

In the multidimensional case (more than two variables) the distribution of vector X = (X1,...,X,)
of random variables is characterized by the joint density function

f&(ﬂj‘l, e ,.Z'n)

such that

b1 bn
P(X; € [a1,b1], ..., Xy € [an, bn]) :/ fx(z1,...,zn)day ... day,

al an

For a random vector (X,Y) = (X1,..., X,,,Y) with joint density fx y(x,y) the conditional density
is

AAE Iy (y)
Definition 3. Random variables X1,..., X, are independent if and only if

Fx (@) = fxy (@) fx, (2) -+ fx, (@) = [ (@)
i=1

2.3 Properties of Expectation
e The expected value is linear. This means that
E[X + Y] =E[X] + E[Y] and E[cX] = cE[X]
for any random variables X and Y and any constant c¢. Combining these properties yields:
E [Zn: ciXi] = ; ¢ E[X;]
i=1 i=1
e If random variables X and Y are independent then

E[XY] = E[X]E[Y]
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e If Xq,..., X, are independent random variables then
11 Xi] =[] Exi]
i=1 i=1

Definition 4. The variance of a random variable is given by

E

Var(X) = E[(X — E[X])?]
This is a measure of how much X deviates from its mean E[X].

Lemma 2.1. We have Var(X) = E[X?] — E[X]”

Proof.
Var(X) = E[(X — E[X])?]
—E [XQ — 2XE[X] + IE[X]Z]
—E[X?] + E[ - 2X]E[X]} +E [E[Xﬂ linearity of expectation
= E[X?] - 2E[X|E[X] + E[X]? —2E[X] and E[X]? are constants
=E[X?] - E[X]

Properties of the variance:
e Var(X) > 0 and Var(X) = 0 if and only if X = ¢ for a constant c.
e Var(cX) = ¢ Var(X).
e If X and Y are independent then Var(X +Y) = Var(X) + Var(Y).

o If Xy,..., X, are independent then
n n
Var ( Z cZ-Xi> = Z c? Var(X;)
i=1 i=1

Example 7. Consider again the joint density

6xy?, 0<z<landO<y<1
fla,y) =

0, else
Let us compute Var(2X — 3Y)
e Previously, we computed the marginal densities as
fx(z) = 2$]l{0<a:<1} and fr(y) = 31/211{0<y<1}

e Observing that
Fx (@) fy (y) = cxy®Liocacty Locy<1

we see that X and Y are independent, and thus

Var(2X —3Y) = Var(2X) + Var(—3Y) = 4Var(X) + 9 Var(Y)
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e Next we compute the first and second moments:

24

+oo 1 xs 1 9
E[X]:/ xfx(x)dr = 202 dr =22 =2
oo 3], 3
e ! ek 1
E[X?] —/ P fx(x)de = [ 22%de=2"| ==
—o0 0 4 0 2
i L y' '3
E[Y] = / yfy()dy = | 3y°dy=37| =7
oo o
+oo 1 y5 1 3
By = [ nwdr= [ agtay=sl| <2
Putting everything back together, we have
1 4 1 3 9 3
Var(X) == — - = — d Var(Y) = - — — = —
=379 m ™ ¥ =516~ &
" 4 27
Var(2X —3Y) = — 4+ —
ar( 3Y) 18 80

Transformations of Random Variables

Let X be a random variable. Often we are in a function ¢g(X), which is again a random

variable.

Let X have sample space / domain X (which is either R or N) and let g: X — ) be a function
(e.g., g(x) = 2?). Then Y = ¢g(X) is a random variable with domain ).

How do we obtain the distribution of Y? Observe that for any set A C ),
P(Y € A) =P(9(X) € A) =P(X € {z € X | g(z) € A}) =P(X € g~ '(A4))

where g7 1(A) = {z € X | g(x) € A} is the set of values in the domain that map to points in

the set A.

If for every y there exists a single x such that g(x) = y, the g is invertible and we can define

inverse g7 1: Y — X.

Discrete case: If X is finite or countable then

Y={yly=g()

for some z € X'}

is finite or countable and so Y is also a discrete random variable. The probability mass function is

D

zeg ' ({y})

Example 8. If X ~ Poisson(\) and Y = 2X, then

X =140,1,2,...,}

Moreover, if y € ) then

>

zeg~ ({y})

fr(y) =

fx(z) = fx(y/2) =

fx(x)

2

zeg~ ' ({y})

—  Y=1{0,2,4,...}

\Y/2g=A

(y/2)!

Here, we see that g(z) = 2z is invertible with g~ (y) = y/2.
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Continuous case: a bit more complicated. Define

X={x]| fx(z)>0} and Y={y|y=g(x) forsomezec X}

Theorem 1 (Change of variable). Let g be strictly monotone (increasing or decreasing) and assume
the inverse ¢! has a continuous derivative on )). Then

) = fx(g W) &

gl(y)’-

Note: Under the assumptions of the theorem, g is strictly monotone and so the inverse g~ ! is

well-defined.

Proof. First suppose that g is increasing. Then,

Fy(y) =P <y)=Pg(X)<y) =P(X <g ' (y) =Fx(g~'(y))

Differentiating both sides gives

) = 2Py () = 4Pl ()
= fX(g_l(y))CZ/g_l(y) chain rule
= fX(gfl(y)) (Z/gl(y)‘ g is increasing

Next suppose that g is decreasing. In this case,
Fy(y) =P(Y <y) =P(g(X) <y) =P(X > g7 (y))
=1-P(X <g '(y) =1 Fx(¢9'(v))
and so differentiating gives
d d

fr(y) = @Fy(y) dy[l — Fx(97'())]
= —fx(g™" (y))di/g_l(y) chain rule
= fX(gl(y))‘CZng(y)‘ g is decreasing

Example 9. Suppose X ~ Gamma(a, ) and Y = X2,
e X =R, and g(z) = 2? is increasing on Ry with ¢~ !(y) = /7.

e Moreover,
d
@’ Hy) = dyf f

e Thus,

@) = fx(g ') Cz/gl(y)‘

- F(Oé) (\/Iy) € 2[1{y>0}
By a gy
~ () eV L0y
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The change of variable formula is not always applicable since g may not be monotone. Another
approach is to work with the cumulative distribution function (cdf) Fy (y) and then differentiate
to obtain the density fy (y).

Example 10. Let X ~ N(0,1). Find the distribution of ¥ = X?2.
e X =R and g(z) = 22 is not monotone!.

e Let us try to compute Fy(y) with y € Y =R,

Fy(y) =P(Y <y) =P(X* <y)
=P(—vy< X <)
“P(X < V5 —P(X <—yj)  since [—v/F, Vil = { < i} \ {o < i)
=P(X <.y —-P(X <—\/y) X is continuous

Fe(y) = i”” j&@ﬂ—i&(@)

*7fx(f) 7fx( VY)

e Note that this relation holds for any continuous X!

e Recalling that X ~ A(0,1), we have fx(x) = \/%e_xgﬁ and so

fy(y)=7fx(f)+7fx( VY)

1 1 y 1 y

=———e€e 2+ 776_5

2\/y 2w 2/y V21
__ L1

V2T Y

e Finally, we conclude that
1 1 ~¥q

fr(y) = Norok Liy>o0y

This is the Gamma distribution with parameters o = 1 and 8 = 1 (note that I'(1/2) = /7).

The distribution of Y in the previous example is also called the chi-squared distribution with
1 degree of freedom. More generally, the chi-squared distribution with k-degrees of freedom

corresponds to Gamma(4, 1) and has density

k_1 _z
fX(x): n E)xi fe 21[{2720}
2

It is denoted by xi.

Example 11. Let X; S Unif(0,1) for 1 <14 < n, thatis, Xi,..., X, are independent and identically
distributed according to Unif(0,1). Find the distribution of ¥ = max{Xy,..., Xy}
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(Y <
= P(max{X1,..., X} <)
=P(X; <y,.... X, <y)
=P(X; <y)P(Xy <vy) - P(X, <y) independent
=P(X; <y)" identically distributed
= (Fx, (y)"
e Differentiating,
d d .
fr(y) = dfyfy(y) = CTy(FX1 (¥))

=n(Fx,(y)" " (ijXl (y)>

= n(Fx, ()" fx: ()
Note that this relation holds for any continuous distribution of Xj.
e In our case,
() = Liyeay
Fx,(y) =P(X1 <y) = /:fxl(x)dx = /Oyld:c =y

e Thus,

fr @) =ny" ey =" (=)' ey

Fin+1) -
= Wy 1(1 - y)l 1IL{ye(o,l)}

and so Y ~ Beta(n,1).

2.5 Properties of Special Distributions

2.5.1 Normal Distribution
e Let X ~ N(p,0?). The expectation and variance of X are
E[X] = pu, Var(X)=o2
The normal distribution is determined completely by its mean and variance.
o Let X ~ N (p,0?). For every constant c,
1. Y = ¢+ X has distribution N (u + ¢, 0?)
2. Y = cX has distribution N (cp, c?0?)
o If Z ~ N(0,1), then pu+ 0Z ~ N(u,02). If X ~ N(u1,0?), we can also write X 4 p+oZ,
where 2 denotes equality in distribution.

o If X ~ N(u1,0?) and Y ~ N(p2,03) are independent then their sum is normal with
matching mean and variance:

X +Y ~ N + pa, 07 + 03)
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2.5.2 Gamma Distribution

e Let X ~ Gamma(a, 3). For every constant ¢, the random variable Y = ¢X has distribution
Gamma(a, g) Therefore,

1
4 —7 where Z ~ Gamma(a, 1)

X=3

o If X ~ Gamma(ay,fB) and Y ~ Gamma(ag, ) are independent then their sum is also
gamma:
X +Y ~ Gamma(ag + ag, B)
2.5.3 Binomial Distribution

e The Binomial Distribution with parameters n € N and p € (0,1) is denoted by Bin(n,p)
and has pmf
n

x

fx(x) = ( )p‘r(l -p)"* xe€{0,1,2,...,n}

e If X ~ Bin(ny,p) and Y ~ Bin(ng, p) are independent then their sum is also binomial
X +Y ~ Bin(n; + na,p)

o If Z1,...,Zy "S Ber(p), then Zy + - - + Z, ~ Bin(n, p).

2.5.4 Poisson Distribution

e If X ~ Poisson(A1) and Y ~ Poisson(A2) are independent then their sum is also Poisson

X +Y ~ Poisson(A1 + \2)
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