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6.1 Point Estimation

e Definition: Given a statistical model {fg(x) | § € ©}, any statistic T = T(X) used for
estimating ¢(€) is called a point estimator.

o Estimator — refers to the function, i.e., the random variable T'(X)

o Estimate — refers to a particular value, i.e., the realization T'(x)
e In this lecture, we address two basic questions:

1. How do we find estimators?

2. How do we compare / evaluate different estimators?

6.1.1 Method of Moments
e For a sample X; i fo(z) for 6 € © C R* we can define

o Theoretical moments:
e = E[XF] (depend on 0)

o Empirical moments:
1 n
k ..
mp = — g X; are statistics
k n - i ( )

e Intuition: A good estimation procedure should lead to a match between theoretical and
empirical moments.

e In order to estimate #, the method of moments requires to solve

#1(917---3910 =m1
p2(b1,...,0p) = mo

uk(glv s 70]6) = mg
This is a system of k equations with k unknowns.

e Example: X; bS Exp(f). Find the method of moments estimator of 6.
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o In this case, K = 1 and theoretical first moment is

1
m=EX] =7

o The empirical first moment is

" i=1
o Equating these, we see that
= L_x = 0 !
= m —_ = = —
H1 1 ) n X,
o Hence, 6 = L is the method of moments estimator.

Xn
o Example: X; '~ N(u,02), 0= (u,0?)
o k =2 and the theoretical moments are
m=EX]=pn,  p2=E[X}] = E’[X] + Var(X;) = pi? + 0
o Matching the theoretical and empirical moments gives:

p1(p, 0%) = my , ko=m poo=m
ue+o° =mo o‘ =mg—mj

[\
[\

o Letting X,, = % >, denote the empirical mean, the estimator of the variance can also
be expressed in terms of the empirical variance:

S

1 _ 1 «
fi=—Y X=X, and 62:EZX1~2—<
=1 =1 =1

i=1

Hence, the moment estimators for the Normal model are exactly the empirical mean and
variance.

e Remark: There is some arbitrariness in the method of moments. For example, why match
the first & moments but not others? Why not match moments or some function g of the
observe data?

e Example: X; id N(0,0?), 0 = o2.

o In this case, p1(0) = E[X;] = 0 for all # and thus “solving” the equation p1(0) = m; is
not possible in general.

o As an alternative, one may consider the second moment:

2_1¢
p2(0) =E[X7] = 0> <= azzn;Xf
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o But, one could also have considered matching the fourth moment:

n 1/2
R 1
py =E[X{] =30" = 2= (%ZX;‘>

e Example: X; pY Unif (0, 9).

o k =1 and the first theoretical moment is
0
1 0
w =E[X;] = /0 xédx b

o Solving for 6 such that uq(0) = my gives the moment estimator:
0 =2X,
But does this estimator make sense?

o Note that this estimator is not a function of the sufficient statistic X(,). So in a sense
it is not using all the relevent information.

o If n=3and z = (1,24,2) then 6 = 18. However, we have observed 24 so we know that
0>24. .

6.1.2 Method of Maximum Likelihood

e Definition: Given a statistical model {fg(x) | # € ©}, assuming X = zx is observed, the
likelihood function is given by

LO|z)= fx(z), forfecO

e The likelhood function looks at the joint distribution of the sample in a different way:

o fx(z)=TIi-, fo(z;) is a function of z for fixed 6:

o L( | z) is a function is a function of # for fixed x
e In the discrete case:

o The likelihood is the probability of observing x when 6 is the true parameter, i.e,

o Comparing probabilities, we see that

L6y | z) o1 the probability of observing z is
L(6y | ) larger if § = 61 than if § = 6,

Sometime we say that 61 is more likely than 65.

e Remark: The statement more likely is not the same as the statement more probable. Note
that 6 is not a random variable so there is no probability to assign to these events. See https:
//en.wikipedia.org/wiki/Likelihood_function#Historical_remarks for more informa-
tion on the history of this terminology.


https://en.wikipedia.org/wiki/Likelihood_function#Historical_remarks
https://en.wikipedia.org/wiki/Likelihood_function#Historical_remarks
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Intuition: The likelihood function L(# | z) induces an ordering among the . We prefer
values of € which make the realization z more probable. Thus, we only care about the
ordering, not the precise value of L.

Likelihood principle: If x and z* are such that L(f | x) is proportional to L(0 | z*), i.e.
there exists a constant ¢(z, z*) such that

L0 | z) = c(z,z")L(0 | ¥), forall§ €O

the inference based on z and x* should coincide. Note that under this conditions, these
likelihood functions leads to the same ordering on 6.

Example. Consider X; b Po(#). Suppose z = (1,2) and z* = (0,3). Then

63 63
L] z)=e? and L(0|z*) =e 20—,

So L(6 | ) = 3L(A | z*), and thus the likelihood principle implies that the inference based
on z and z* should coincide.

Definition: Given a statistical model {fy(z) | € ©} and random sample X with realization
z the maximum likelihood estimate is § = 6(z) such that

L0 — L0
(0] ) I;leag(\@

Then, the Maximum Likelihood Estimator (MLE) is § = 6(X). Note that this is a
random variable because it a function of the sample.

Finding the MLE: Assume that © C R and the likelihood function is smooth.

o If the likelihood has unique maximizer é, then it satisfies the derivative conditions:

O r01ol =0, ad Zrew| <o
e P R T T

o It is often convenient to work with the log-likelihood function:
€0 | z) =log L(0 | z)

o Because the logarithm is strictly increasing, it does not affect the location of the maxi-
mum, and the derivative conditions can be stated equivalently as

0 0?

—L(0 = d =<0
e Example: X; pY Bernoulli(f), © = [0, 1]
o The likelihood is
L(0 | z) =[] fow) = [T 0 (1 — 0)' = = 2i=vi(1 — )2,
i=1 i=1

o First we consider the case Y ; ; x; = n (all 1’s). The likelihood is
La,...,1|z)=06"

which is increasing in #. Thus, the maximum is achieved at 8 = 1.
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o Next, we consider the case Y ;" ; x; = 0 (all 0’s). The likelihood is
LO,...,0 |z)=(1—-0)"
which is decreasing in §. Thus, the maximum is achieved at 6=0.
o Finally, we consider the case 0 < > 7 ; x; < n. Noting that
LO|z)=L(1|z)=0 and LA|z)>0 for0<b<1

we conclude that the maximum does no occur at the boundary points and we can restrict
our attention to the interval 6 € (0, 1).

o To find the maximizer, it is convenient to work the with logarithm of likelihood function
(a.k.a. the log likelihood), which is given by

0o | z) Zlog folwi) = ailog(6) + <n - le) log(1 — 6).
=1 =1

o This function is differentiable in 6 € (0,1) with

886 le) = ez ( _z”:$>

i=1

1 n
n 1 &
“h1-0) [n;x—al

o The derivative has a unique root at § = T,. Since the derivative is strictly negative
0 < Z, and strictly positive for 8§ > Z, we conclude that this root is the unique global
maximum, and thus the maximum likelihood estimate is 8 = Z,,.

o Note that an alternative approach to verifying that the root of the derivative corresponds
to a maximum is to the consider the second derivative;

82 -
702 00| z)= 922m1—2<n—2x¢><0, for all @,
i=1

Since the second derivative is strictly negative for all 0, we conclude that the root
corresponds to the unique global maximum.

o Combining all three cases, we see that the MLE is given by the sample mean:

= X,, isthe MLE

>

e Example: X; = Unif(0,0) , © =R,
o The likelihood is
L(O | 2) = 5Ly <o
o This function is not differentiable in § because there is a discontinuity 6 = z,)
o However the maximum can be determined by inspection:

L. L(0 | z) is zero for 6 < x(y)
2. L(0 | z) is strictly positive an decreasing in 6 for 6 >z,

Thus, the unique maximum =X (n) is the MLE.
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