STA 332/MATH 343: Homework 1
Duke University, Fall 2026

Due: September 6th, 11:59 PM on Gradescope

Theory

1. Briefly define the notion of statistic.

2. Consider the statistical model {N(u,0?) | u € R}, with 6% known, and let X = (Xy,..., X,)
be a random sample. What is the parameter space? For each of the following functions write
whether they are statistics or not and why.

n n
T(X)=> X7 DX)=Xs+1, TX)=> X'+0? TyX)=pe*
i=1 =1

3. Consider the statistical model {N(y,0?%) | p € R,0? € Ry} and let X = (X1,...,X,) be a
random sample. For each of the following functions write whether they are statistics or not
and why.

T(X) =) X}, TX)=Xs+1, T3(X)=> X'+0° TuX)=pe""
i=1 i=1

Probability Recap
4. Let X ~ Poisson(\). Compute Var(X). (Hint: note that 2> = x(z +1—1) =z(z — 1) + z).
5. Let X ~ Beta(a, ), whose density function is given by

_T(a+p)
T(@)T(8)

where o, 8 > 0 and I'() is the Gamma function. Compute E[X] and Var(X).

(1 - fU)ﬁ_l]l(og)(fU),

6. Suppose X has density function fx(x) supported on R.

(a) Derive the density function of Y = i+ 0 X, where p € R and o > 0 are constants.
(b) Use this to prove that if X ~ N(0,1), then p+ 0 X ~ N (p,0?).

7. Let X ~ Gamma(a, ). Find the density function of ¥ = 4.

8. Let X ~ N(0,1). Find the density function of Y = |X| and compute E[Y]. (Hint: the
transformation is not invertible)

9. Consider the probability density function of a random variable X,
fx(z) = clz|l{_a<qp<ay-

(a) Find the value of c. (Hint: the density function needs to integrate to 1).
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(b) Compute P(X > 1).
10. Let X; "< Unif(0,1) and let ¥ = min{X1, ..., X, }.
(a) Find the density function of Y. (Hint: try to compute P(Y > vy))
(b) Compute E[Y].
11. Consider the following bivariate density function of the vector (X,Y)
z+y, 0<zx<1,0<y<I

0, else

f(x,y) = {

(a) Compute the marginal density functions fx(x) and fy (y).
(b) Compute P(X < % Y = %) and P(X < %,Y — %)

Ungraded bonus problems

12. Let X ~ Gamma(a, 3) and let A € R be a constant.

(a) Compute E[e*"]. For which values of \ is the expected value finite?

(b) Let X ~ Gamma(ay, ) and Y ~ Gamma(ag, §) and assume they are independent. Find
E[e*X V)] when it is finite.

13. Let X; ~ Poisson(\1), X2 ~ Poisson(A2) be independent random variables.

(a) Prove that X; + Xy ~ Poisson(A1 + \2).

(b) Prove that X; | X1 + Xo =n ~ Bin(n, ﬁ)



