STA 332/MATH 343: Homework 6 — Solutions
Duke University, Fall 2026

Due: Thursday, October 29 at 11:59 PM on Gradescope

Hypothesis Testing

When asked for an implementable test, specify as simple a rejection statistic as possible and its

cutoff.

1. Definitions

(a)
(b)

Define the power function, size, and level of a test.

Express the Type I and Type II error probabilities at a given 6 in terms of the power
function.

Define a uniformly most powerful (UMP) level-a test.
Define the monotone likelihood ratio (MLR) property.

For a test 1 taking values in {0, 1}, where 1 means rejection, the power function is

By(0) = Po(p(X) = 1).
The size is supycg, By(0). The test has level a if

sup fBy(0) < o
[USISH

Thus a level-a test need not have size exactly «.

If 6 € O, the Type I error probability is
Pg(reject Hy) = By(0).
If 0 € ©1, the Type II error probability is
Pg(do not reject Hy) =1 — By (0).
A test ¢* is UMP of level « if it has level « and, for every other level-a test 1,
By (0) > By (0) for every 6 € ©.

The same test must maximize power at every parameter value in the alternative.

A family has monotone likelihood ratio in a statistic 1" if, for every 61 > 6y, the ratio

Lz(el)
LQ(QO)

is a nondecreasing function of 7T'(x), with the usual extended-ratio convention where the
denominator is zero (points where both likelihoods vanish may be ignored). If the ratios
are instead nonincreasing in T for every 61 > 6, the family has nondecreasing MLR, in
—~T.




STA 332/MATH 343 Homework 6

ii.d.

2. Testing a uniform endpoint. Let Xi,..., X,, "=~ Unif|0, ], where § > 0. We wish to test

Hy:0<1 versus Hy:60>1.

Let M = max{Xy,...,X,} and fix an « € (0, 1).

(a)
(b)
()

()

(a)

Consider the test that rejects when M > ¢,. Find ¢, so that the test has size exactly a.
Compute the power function for all 8 > 0.

Now consider the test which rejects when M > 1. What is its size? Compute its power
function for all 6 > 0.

Plot the power functions for the two tests on the same axes and compare. Is one test
uniformly more powerful then the other?

By independence, for 0 < m < 6,

Py(M < m) = ﬁpg(xi <m) = (g)”.

For a fixed cutoff ¢ € (0,1), the rejection probability is zero when # < ¢ and equals
1—(¢/0)" when § > c. It is therefore nondecreasing in 6, so the supremum over the null
is attained at 6 = 1:

sup Po(M >¢) =P (M >¢c)=1-c".
0<6<1

Setting this equal to « gives

o = (1—a)/™

The power function of the first test is

0, 0<0<ca,
ﬁa(e) = 11—«
on

0 > cq.

In particular, 5,(1) = a.
Under every null value 0 < 6 < 1, we have M < 1 with probability one. Thus the second
test has size zero. Its power function is

0, 0<6<1,

1
-2 a=1.
T

The plot below illustrates the two power functions for n = 3 and a = 0.2. The compar-
ison holds for every n > 1 and 0 < a < 1.

1 — M >ec, i
- M >1

5}

=

(@]

[a
[0 e Sl D |
0




STA 332/MATH 343 Homework 6 3

Since ¢, < 1, the rejection region {M > 1} is contained in {M > ¢, }. Hence (,(0) >
Bo(0) for every 6 > 0. In particular, at every alternative 6 > 1,

Bal0) = fol6) = g > 0.

Thus the first test is uniformly more powerful than the second. It also has a larger size
(a rather than zero); both tests have level .

3. Power of a two-sided normal test. Let Xq,..., X, - N(0,1), where 6 € R. For
Hy:0=0 versus Hy:0+#0,
consider the test
P(X) = L ym X200}
Here, we use the definition z, = ®~1(1 — a), where ® is the standard normal cdf.

(a) Verify that this test has level a. Does it have size exactly a?
(b) Find its power function 5(6) in terms of ®.
(c) For each fixed 6 € R, compute lim,,_,~ 5(6).

(a) Under Hy, v/n X, ~ N(0,1) exactly. By symmetry,
Po(thn = 1) =P(Z > 24/0) + P(Z < —2400) = /2 + a/2 = a.

Thus the size is exactly «, and the test has level a.
(b) Under 6, /n X, has the same distribution as Z + /n6, where Z ~ N(0,1). With

2= Za)2s

Bn(0) =1—®(z —/nb) + &(—z — /nb).

(¢) If 8 = 0, the power equals « for every n. If § > 0, the first term 1 — ®(z — /n6) tends
to one and the last term tends to zero. If 8 < 0, the first term tends to zero and the last
term tends to one. Consequently,

lim gu(0) = 4% =0
n-s00 1, 6+0.

Under the null the rejection probability remains controlled at «; at each fixed nonzero
alternative, the Type II error probability tends to zero. No normal approximation is
needed.
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iid

4. Testing a normal variance. Let X1,..., X, "~ N(u,0?), where u is known and o2 > 0
is unknown. Let T'= Y"1 | (X; — p)?.

(a)

By standardizing, show that
T &Ko,
S=D_7%
i=1

for suitable i.i.d. standard Gaussian random variables 71, ..., Z,.

A sum of squares of n i.i.d. standard Gaussian random variables is called a chi-squared
random variable with n degrees of freedom, denoted x2. Write ), for its cdf and X?wé =

F.Y(a) for its lower a-quantile (in contrast to our convention z, = ®~!(1 — «) for

Gaussian quantiles).

For 02 > 02 > 0, use Neyman—Pearson to find the implementable MP level-« test for

L2 2 L2 2
Hy: 0% = of versus Hy : 0° = 07.

Show that the family has MLR in the sufficient statistic 7. Use Karlin—Rubin to find
the UMP level-a test for Hy : 02 < 03 versus Hj : 02 > 08.

Find the power function for the test in part (c), for all 02 > 0. Verify from the power
function that the size of the test is a.

Let 0 = Vo2 > 0 and define Z; = (X; — pu)/o. Standardizing a normal random variable
gives Z; ~ N(0,1), and the Z; remain independent because each is a function of a
separate independent X;. Therefore,

n

T (X — p)? ~ o 2
S=D. = 4~
=1 i=1

Consequently, P,2(T/0? < t) = F,(t).
The likelihood and ratio are

Ly(0?) = (2ma2) /2 T@)/(20%)

o= () (3G e}

The coefficient of T is positive, so Neyman—Pearson gives an upper-tail rule. Under o3,
T/o2 ~ X2, hence the test rejects when

2.2
T> gOXml—a'

Continuity gives rejection probability exactly « at 08.

Factorization shows that 7 is sufficient. The ratio in (b) is increasing in T for every
o? > 08, proving MLR. Karlin—Rubin gives the same rejection rule for the composite
hypotheses.

For every o2 > 0,
2 a5 o
ﬁ(o- ) =1- Fn (O_QXn,l—a> .
, since the argument of F), decreases as o

sup ﬁ(O'Q) = B(O’%) = .
0<0'2§0'8

2 2

This is increasing in o increases. Thus
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5. A logistic location model. Suppose we are given a single sample X; with density

e:v—G

m, xER, QER

fo(z) =

You may use Pp(X > c¢) = 1/(1 +e“79).

(a) Prove that h(x) = (1 +€%)/(1 + e®1) is increasing in x.
(b) Find the implementable MP level-a test for Hy : 6 = 0 versus Hy : 0 = 1.
(c) Find the power function of this test and verify that 5(0) = a.

(a) Differentiating gives
e (1—e 1)

h'(z) = m

> 0.

(b) For the single observation x = (x), the likelihood ratio is

Lﬁ(l) - fl(x) =e ! i ’ — e h(x)?
LQ(O) B fo(.fc) N (1+ez_1> - h( ) .

Since h is positive and increasing, the ratio is increasing. The MP test rejects when
X > c,, where

1 | 1l—«a
= CHh = 10 .
11 eca ) « g o

(c) Substitution into the supplied survival function gives

1 _ ae?
I+((1—a)/a)e?  1—a+ae?

po) =

The size is 5(0) = «.
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6. A lower-tail Karlin—Rubin test. Let X;,...,X,, be ii.d. with density

2\/@ _0x2
= —=€
P ’

fo(z) N

x>0, 60>0,

and let T'=>"" | X2.

(a)

(b)
()

Show that T is sufficient. For 6; > 6y, compute the likelihood ratio and determine
whether it is increasing or decreasing in 7T'. Identify a statistic in which the family has
nondecreasing MLR.

By comparing densities, show that v/26 X; has the same distribution as |Z|, where Z ~
N(0,1). Deduce the distribution of 267

Use Karlin—Rubin to find the implementable UMP level-« test for
Hy: 0 <6 versus Hy:0 > 0,.

Formulate the test using the y? quantiles introduced in Problem 4.

Find the power function and verify directly that the test has size . Explain why small
values of T" favor the alternative.

On (0,00)", the likelihood is

2 n
L;r(@) = <ﬁ> 0n/2€—9T(£).
Factorization gives sufficiency of T'. For 61 > 6,

Ly(61) (91>"/26_(91_90)T(x)_

LQ(QO) B %

This ratio is decreasing in 7', so the family has nondecreasing MLR in the sufficient
statistic —1T'.

With Y = v/260 X;, the change-of-variables formula gives

= 72\/56_312/271 = g6_1/2/2, y > 0.

va Voo Vo

This is the density of |Z|. Thus 20X? has the same distribution as Z2. Independence
yields 20T ~ x2.

Karlin—Rubin applied to —T gives a lower-tail rule in 7. To obtain size « at 0y, reject

fy(y)

when )
Xn,a

20y

T <
The power is
0
B(O) = Fy <9X$L’a>'
0

It is increasing in 6, so supgp<g, B(0) = B(0o) = a. The representation X; L |Z]/v/26
shows that larger 6 produces smaller observations and hence smaller T.



